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ABSTRACT
We consider Gauss-Bonnet (GB) gravity in general dimensions, which is non-minimally cou-
pled to a scalar field. By choosing the scalar potential of the type V (φ) = 2Λ0 +
1
2m
2φ2 +
γ4φ
4, we first obtain large classes of scalar hairy black holes with spherical/hyperbolic/planar
topologies that are asymptotic to locally anti-de Sitter (AdS) space-times. We derive the
first law of black hole thermodynamics using Wald formalism. In particular, for one class
of the solutions, the scalar hair forms a thermodynamic conjugate with the graviton and
nontrivially contributes to the thermodynamical first law. We observe that except for one
class of the planar black holes, all these solutions are constructed at the critical point of GB
gravity where there exists an unique AdS vacua. In fact, Lifshitz vacuum is also allowed
at the critical point. We then construct many new classes of neutral and charged Lifshitz
black hole solutions for a either minimally or non-minimally coupled scalar and derive the
thermodynamical first laws. We also obtain new classes of exact dynamical AdS and Lif-
shitz solutions which describe radiating white holes. The solutions eventually become an
AdS or Lifshitz vacua at late retarded times. However, for one class of the solutions the
final state is an AdS space-time with a globally naked singularity.
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1 Introduction
Recently, there are large classes of scalar hairy black holes that are asymptotic to Minkowski
[1, 2, 3, 4, 5] and anti-de Sitter (A)dS space-times [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] having
been analytically constructed in Einstein gravity either minimally or non-minimally coupled
to a scalar field. The solutions provide a lot of counter examples for the no-hair theorems
which exclude the existence of hairy black holes in General Relativity. It was shown in
[14] that for the general two parameter family solutions in Einstein-Scalar gravity, the
first law of black hole thermodynamics can be modified by a one form associated with the
scalar. This is straightforwardly confirmed by numerical solutions. However, for all the
analytical solutions constructed above, the thermodynamical first law does not receive any
contribution from the scalar because either the scalar contains only one normalizable mode
at asymptotic infinity or the two independent fall-off modes (ψ1 , ψ2) of the scalar at infinity
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satisfy a relation ψ∆12 ∝ ψ∆21 , where ∆1 ,∆2 are the scaling dimensions of ψ1 , ψ2 respectively
(The technique details are given in our Appendix). The only known examples that have
a nontrivial scalar contribution to the thermodynamical first law are the Kaluza-Klein
AdS dyonic black hole and its multi-charge generalizations in maximal gauged supergravity
[15, 16]. Thus it is interesting to construct more analytical solutions whose first law of
thermodynamics are modified by the scalar. On the other hand, for some classes of the
static hairy black hole solutions, one can promote the “scalar charge” to be dependent on the
advanced/retarded time and obtain exact dynamical solutions in Eddington-Finkelstein-like
coordinates [11, 12, 13, 17, 18, 19, 20, 21]. These solutions provide analytical examples for
black holes formation and may have further applications in the AdS/CFT correspondence.
The motivation of current paper is to construct more scalar hairy black hole solutions
in Gauss-Bonnet (GB) gravity which is non-minimally coupled to a scalar. It is well known
that GB gravity is of second order derivative and ghost free. It is a proper generalization
of Einstein gravity with quadratic corrections in dimensions higher than four. However,
due to the existence of higher curvature terms, the equations of motion become highly
nonlinear even if for the specialized static ansatz (−gtt = grr) that we consider. This is
the main difficulty that we encounter in constructing new black hole solutions with scalar
hair. Fortunately, it turns out that the equations of motion become easily solvable for
the critical GB coupling where there exists an unique (A)dS vacua1. In fact, Lifshitz
vacua is also allowed at the critical point [22, 23]. We then construct large classes of
AdS and Lifshitz black hole solutions with scalar hair at the critical point. The scalar
potential can be unified expressed as V = 2Λ0+
1
2m
2φ2+ γ4φ
4, which is much simpler than
those constructed in Einstein gravity. For generic GB coupling, we also obtain one class of
AdS planar black holes. We study the global properties of the solutions and adopt Wald
formalism to derive the thermodynamical first laws. In particular, one class of the solutions
contains two independent integration constants which are associated with the scalar and
the graviton mode respectively. Although the scalar has only one normalizable mode at
infinity, “the scalar charge” forms a thermodynamic conjugate with the graviton mode and
non-trivially contributes to the thermodynamical first laws. Finally, for some classes of
the solutions, we promote the “scalar charge” to be dependent on the retarded time and
obtain exact dynamical AdS and Lifshitz solutions describing radiating white holes . The
1Depending on the parameters and assuming the bare cosmological constant is negative Λ0 < 0, there are
either two distinct AdS vacua or one AdS and one dS. For positive Λ0, there will be either two distinct dS
vacua or one dS and one AdS. For vanishing Λ0, there will be one Minkowski vacua and one (A)dS vacua.
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solutions eventually become an AdS/Lifshitz vacua at late retarded times but one class of
the solutions approaches a static AdS space-time with a naked singularity.
The paper is organized as follows. In section 2, we consider GB gravity non-minimally
coupled to a scalar and derive the covariant equations of motion. In section 3, we briefly
review the Wald formalism and derive various quantities of the Wald formula for our
gravity model. We also provide more explicit formulas for general static solutions. In
section 4, we demonstrate our construction method and construct large classes of spher-
ical/hyperbolic/planar black holes with scalar hair that are asymptotical to locally AdS
space-times. We study the global properties and derive the first law of thermodynamics
using Wald formalism. In section 5, we obtain many new classes of neutral and charged
Lifshitz black holes and derive the thermodynamical first laws. Finally, we conclude this
paper in section 6.
2 GB gravity with a non-minimally coupled scalar
We consider Gauss-Bonnet (GB) gravity non-minimally coupled to a scalar field, together
with a generic scalar potential. The Lagrangian density is given by
L = R+ α(R2 − 4R2µν +R2µνρσ)− 12(∂φ)2 − 12ηRφ2 − V (φ) . (1)
where α is the Gauss-Bonnet coupling constant and η is a constant characterizing the
coupling strength between the scalar and the curvature. Note that the GB term is also non-
minimally coupled to the scalar field in string generated models [24, 25] but for our purpose
we shall not consider this more complicated case. The effective Newton’s “constant” now
becomes inversely proportional to
κ(φ) ≡ 1− 12ηφ2 . (2)
which is dependent on the scalar field. In order to avoid ghost-like graviton modes, we shall
require κ(φ) being positive throughout this paper. The covariant equations of motion are
Gµν + αHµν = T
(min)
µν + T
(non)
µν , φ = ηφR +
dV
dφ
, (3)
where Gµν = Rµν − 12Rgµν is the Einstein tensor and
Hµν = 2
(
RRµν − 2RµρRρν − 2RτσRτµσν +RµρτσR ρτσν
)
− 1
2
gµν
(
R2 − 4R2τσ +R2λρτσ
)
. (4)
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The energy-momentum tensors are given by
T (min)µν =
1
2
∂µφ∂νφ− 1
2
gµν
(
1
2(∂φ)
2 + V (φ)
)
,
T (non)µν =
1
2
η(φ2Gµν + gµνφ
2 −∇µ∇νφ2) . (5)
This model was previously studied in [26, 27] for a certain type potential. For vanishing
GB coupling α, the model is well studied in [11], where large classes of static and dynamic
hairy planar black holes have been analytically constructed. In current paper, we will try
to construct new scalar hairy black hole solutions in the model with non-vanishing GB
coupling. We only consider static solutions with spherical/hyperbolic/toric isometries. The
most general ansatz takes the form of
ds2 = −hdt2 + dr2/f + r2dΩ2n−2,k , φ = φ(r) , (6)
where h , f are functions of r, dΩ2n−2,k denotes the metric of the (n− 2) dimensional space
with constant curvature k = 0 ,±1. In order to construct exact black hole solutions as many
as possible, we will also introduce an additional Maxwell field which is minimally coupled
to the gravity and the scalar when necessary.
3 Wald formalism and black hole thermodynamics
3.1 A brief review
Wald formalism provides a systematic procedure for deriving the first law of black hole
thermodynamics for a generic (local and covariant) gravity theory. It was first demonstrated
in [28, 29]. Let us first gives a brief review in the following.
Variation of the action with respect to the metric and matter fields, one finds
S =
∫
dnx
√−gL[ψ] , δS =
∫
dnx
√−g(Eψδψ + ▽µJµ) , (7)
where ψ collectively denotes the dynamical fields and Eψ = 0 are the equations of motion.
Given the current Jµ, one can define a current 1-form and its Hodge dual
J(1) = Jµdx
µ , Θ(n−1) = ∗J(1) . (8)
When the variation is generated by an arbitrary vector field ξ, one can define an associated
Noether current (n− 1)-form as
J(n−1) = Θ(n−1) − iξ · ∗L , (9)
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where iξ· denotes the contraction of ξ with the first index of the differential form it acted
upon. It was shown in [28, 29] that the Noether current J(n−1) is closed once the equations
of motion are satisfied
dJ(n−1) = 0. (10)
Thus a Noether charge (n− 2)-form can be defined by
J(n−1) = dQ(n−2) . (11)
It was shown in[28, 29] that when ξ is a Killing vector field, the variation of the Hamiltonian
with respect to the integration constants of a given solution is:
δH =
1
16π
[
δ
∫
C
J(n−1) −
∫
C
d(iξ ·Θ(n−2))
]
=
1
16π
∫
Σn−2
[
δQ(n−2) − iξ ·Θ(n−2)
]
. (12)
where C is a Cauchy surface and Σn−2 is its two boundaries, one on the horizon and the other
at infinity. For a stationary black hole, the Killing vector ξ becomes null on the horizon
and the thermodynamical first law emerges by the vanishing of δH. Hence evaluating δH
at the boundaries yields
δH∞ = δH+ . (13)
On the horizon, one has
δH+ = TδS , (14)
where the temperature and the entropy are given by
T =
κ
2π
, S = −1
8
∫
+
√
γ dn−2x ǫabǫcd
∂L
∂Rabcd
. (15)
Here κ is the surface gravity on the horizon. It should not be confused with the effective
gravitational coupling “constant” in (2). The thermodynamical first law of a black hole is
simply
δH∞ = TδS . (16)
However, there is no general formula for the evaluation of δH∞ at asymptotic infinity and
one needs study it in the case-by-case basis. Some interesting examples can be found in the
literature [14, 30, 31, 32, 33, 34, 35].
3.2 Applying for GB gravity
Various quantities in the Wald formula (12) have been explicitly given in [33] for Einstein
gravity extended with quadratical curvature invariants. GB gravity is also included as a
special case. We have (for pure GB gravity)
J
(G)
(n−1) = 2εµc1...cn−1∇λ
(
∇[λξµ] + 2α(R∇[λξµ] − 4Rσ[λ∇σξµ] +Rλµσρ∇σξρ)) ,
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Q
(G)
(n−2) = −εµνc1...cn−2
(
∇µξν ++2α(R∇µξν − 4Rσµ∇σξν +Rµνσρ∇σξρ)) ,
iξ ·Θ(G)(n−1) = −εσµc1...cn−2ξσ
((
Gµνρλ + 2α(RGµνρλ − 2T µνρλ + 2Rµρλν))∇νδgρλ
−2α(Gµνρλ∇νR− 2∇νT νµρλ + 2∇νRµρλν)δgρλ) , (17)
where some quantities are defined by
Gµνρσ ≡ 12(gµρgνσ + gµσgνρ)− gµνgρσ ,
T µνρλ ≡ gµρRνλ + gµλRνρ − gµνRρλ − gρλRµν . (18)
Note that we have put the non-minimal coupling term into the scalar sector. By simple
calculations, we find
J
(φ)
(n−1) = η εµc1...cn−1∇λ
(
2∇[λφ2ξµ] − φ2∇[λξµ]
)
,
Q
(φ)
(n−2) = −
1
2
η εµνc1...cn−2
(
2∇µφ2ξν − φ2∇µξν
)
,
iξ ·Θ(φ)(n−1) = εσµc1...cn−2ξσ
(
∇µφδφ − 12η Gµνρλ
(∇νφ2 − φ2∇ν)δgρλ) . (19)
For the general static solutions (6), let ξ = ∂/∂t, we obtain
δH(G) =
ω
16π
rn−2
√
h
f
(
− n− 2
r
+
2α(n − 2)(n − 3)(n − 4)(f − k)
r3
)
δf , (20)
and
δH(φ) =
ω
16π
rn−2
√
hf
(− φ′δφ+ ηφ∆φ) ,
∆φ = 2δφ
′ +
(2φ′
φ
− h
′
h
)
δφ+
φ
f
(φ′
φ
+
n− 2
2r
)
δf . (21)
Here ω is the volume factor of the (n − 2) dimensional space. The total variation of the
Hamiltonian is given by the sum of above two terms.
Now let us verify the identity (14) on the horizon for our gravity model. We develop
Taylor expansions for the metric functions and the scalar field in the near horizon region,
h = h1(r − r0) + h2(r − r0)2 + h3(r − r0)3 + · · · ,
f = f1(r − r0) + f2(r − r0)2 + f3(r − r0)3 + · · · ,
φ = φ0 + φ1(r − r0) + φ2(r − r0)2 + φ3(r − r0)3 + · · · . (22)
By plugging the expansions into the equations of motion, we find that there are three
independent parameters on the horizon which we may take to be (r0 , φ0 , h1). The rest
coefficients are determined in terms of these three parameters. Note that h1 is a trivial
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parameter associated with the scaling symmetry of the time coordinate and can be set to
unity. Substituting these expansions into the Wald formula, we obatin
δH+ =
ω
16π
rn−30
√
h1f1
(
(n− 2)
(
1− 12ηφ20 +
2αk(n − 3)(n − 4)
r20
)
δr0 − ηr0φ0δφ0
)
, (23)
The temperature and entropy are given by
T =
1
4π
√
h1f1 , S =
1
4
ωrn−20
(
1− 12ηφ20 +
2αk(n − 2)(n − 3)
r20
)
. (24)
It is straightforward to verify that (14) is indeed satisfied.
In asymptotically AdS space-times, the scalar has two independent fall-offs at infinity
φ =
ψ1
r
n−1−σ
2
+
ψ2
r
n−1+σ
2
+ · · · , (25)
where σ is defined by
σ =
√
(n− 1)
(
(1− 4η)n − 1
)
+ 4m2ℓ2 . (26)
Note that the Breitenlohner-Freedman (BF) bound has been shifted by the nonminimal
coupling constant, given by m2BF = −14(n − 1)
(
(1 − 4η)n − 1
)
g2, where g denotes the
inverse of the effective AdS radius g = 1/ℓ. The asymptotic behaviors of the metric functions
strongly depend on the GB coupling α. We find that
h = g2r2 + k − µg
rn−3
+ · · · , f = g2r2 + k + · · · , (27)
for generic GB coupling α and2
h = g2r2 + k − µg
r
n−5
2
+ · · · , f = g2r2 + k + · · · , (28)
for the critical GB coupling α = αc = 1/
(
2(n− 3)(n− 4)g2), where the AdS vacua becomes
unique. It should be emphasized that there could be slower fall-offs than those displayed in
the large-r expansions (25 ,27 ,28) for general scalar mass due to back-reaction effects. By
substituting into the equations of motion, it is easy to see that there are three independent
parameters (µg , ψ1 , ψ2) at asymptotic infinity. All the higher order coefficients can be
solved in terms of these three parameters. However, integrating out to infinity from the
near horizon solutions (22), we find that the three parameters at asymptotic infinity are
2The linearized equations of motion are automatically cancelled at the critical point so that the fall-off
of the graviton mode is determined by the quadratic equations of motion. This is why the metric functions
behave different at the critical point. This fact plays an important role in studying the global properties of
black hole solutions.
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determined by functions of the two non-trivial parameters (r0 , φ0) on the horizon. Hence,
the general static black hole solutions are characterized by only two independent parameters.
The existence of two parameter family black hole solutions is straightforwardly confirmed
by numerical calculations. We also obtain one class of analytical black hole solutions with
two independent parameters (see sec 4.2.2 for detail).
3.3 Definition of black hole mass
In the remaining of this paper, we will apply the explicit Wald formulas Eq.(20-21) to
derive the thermodynamical first laws of scalar hairy black holes. One of key quantities is
the energy or black hole mass. For pure GB graity, δH∞ is integrable and one can define
the black hole mass as δM ≡ δH∞. However, in the presence of a scalar, δH∞ is in general
non-integrable. It was shown in [14] that for the general two parameter family black hole
solutions in Einstein-Scalar gravity, one finds
δH∞ = δMther +K(δψ1 , δψ2) , (29)
where δMther is an integrable part associated with the graviton mode, K(δψ1 , δψ2) is the
non-integrable part which is a one form, given by the linear combination of δψ1 and δψ2.
We find that generally the relation (29) is also valid for our gravity model. The specific
form of K(δψ1 , δψ2) strongly depends on the full large-r expansion of the solutions which
is rather involved. To be concrete, we give an explicit example in the Appendix. The detail
is irrelevant in our discussion. The non-integrability of δH∞ may be interpreted as that
the solution have no well-defined mass [16] but we prefer a different interpretation [14, 35]
that the relation (29) provides a definition of the “thermodynamic mass” Mther, which has
the dimension of the energy and becomes the “true” black hole mass in the absence of the
scalar.
For the exact black hole solutions that we constructed in this paper, the scalar field
contains only one normalizable mode at asymptotic infinity such that the scalar one form
K(δψ1 , δψ2) in general vanishes. Thus for our solutions, δH∞ becomes integrable and
δMther = δH∞, implying that the “thermodynamic mass” coincides with the black hole
mass. Without confusion, we will simply refer the “thermodynamic mass” as the black hole
mass in the following sections.
Finally, we remark that above discussions and the relation (29) are invalid for the critical
coupling constants α = αc and η =
n−1
4(n+1) . Actually we obtain the exact black hole
solutions with two independent parameters. We find that although the scalar also has only
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one normalizable mode at asymptotic infinity, “the scalar charge” forms a thermodynamic
conjugate with the graviton mode and contributes to the corresponding first law. For detail,
see sec 4.2.2.
4 AdS black holes
In this section, we will construct AdS black hole solutions with scalar hair in our gravity
model. We consider a specialized ansatz
ds2 = −fdt2 + dr2/f + r2dΩ2n−2,k , φ = φ(r) . (30)
It turns out that the scalar satisfies a decoupled equation
(2η − 1)φ′2 + 2ηφφ′′ = 0 , (31)
which is obtained by Ett − Err. The equation can be immediately solved by
φ =
1
(c1r + c2)µ
, η =
µ
2(2µ + 1)
, (32)
where c1, c2 are two integration constants and η has been reparameterized by µ. The scalar
potential can be solved as a function of r from the equations of motion. Then the remaining
equation of motion is a second order nonlinear differential equation for the metric function
f (the nonlinear terms come from the GB higher curvature interaction). If this equation
can also be solved exactly, the scalar potential can be further expressed as a function of
φ according to the relation (32). This is a general procedure that we apply to construct
new black holes solutions with scalar hair. The main difficulty that we encounter is how
to exactly solve the metric function f . For Einstein gravity the situation becomes simple
and large classes of static and dynamic hairy planar black holes have been reported in [11].
When the GB term was turned on, we shall set c2 = 0 for the construction to be as simple
as possible. We find that the non-linear differential equation of the metric function f can
be easily solved at the critical GB coupling α = αc. We then successfully construct many
new classes of AdS scalar hairy black hole solutions at the critical point. We also obtain
one class of planar black hole solutions for generic GB coupling.
In the remaining of this paper, we will not repeat the construction details but simply
provide the final results.
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4.1 Spherical black hole in n = 5 dimension
4.1.1 Static solution
Let us first study spherical black holes with scalar hair. We consider a massless scalar with
the potential given by
V = −6g2 − 27
1024
g2φ4 . (33)
where g denotes the inverse of the effective AdS radius g = 1/ℓ. We find that when the
Gauss-Bonnet coupling takes the critical value α = αc = 1/(4g
2), there exists an exact
spherical black hole solution with scalar hair for η = 3/16
ds2 = −fdt2 + dr2/f + r2dΩ23 ,
φ =
(q
r
)3/2
, f = g2r2 + 3− 3g
2q3
32r
. (34)
Here q is the only independent integration constant associated with the scalar. Note that
the BF bound is satisfied because m2BF = −14g2 for η = 3/16. For vanishing q, the solution
becomes
ds2 = −(g2r2 + 3)dt2 + dr2(
g2r2 + 3
) + r2dΩ23 , φ = 0 , (35)
which however is not an AdS vacua. In fact, the solution (35) belongs to a special type
solutions of GB gravity with a single AdS vacua [36, 37, 38]. Note that the space-time
contains a naked singularity at the origin. For non-vanishing scalar, the singularity is
dressed by an event horizon which is determined by the foot of f(r0) = 0. Evaluating δH
at infinity, we find
δH∞ = 0 , (36)
which implies that the black hole mass vanishes. We find that the entropy also vanishes
S = 0 , (37)
though the temperature is non-vanishing, given by
T =
2(g2r20 + 1)
4πr0
. (38)
Thus the thermodynamical first law is trivially satisfied. Note that the black hole arrives at
its ground state at a finite but nonzero temperature. This is characteristic for our solution.
It deserves a deeper understanding since one in general does not expect to observe this in
a non-gravitational thermodynamic system.
Finally, we shall point out that the solution is only valid in n = 5 dimension and cannot
be generalized to higher (n ≥ 6) dimensions. This is left as an open problem.
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4.1.2 Dynamical solution
Now we try to search new dynamical solutions. We first rewrite the static solution (34) in
Eddington-Finkelstein-like coordinates. The key point is the integration constant q associ-
ated with the scalar is a non-conserved quantity. We can promote it to be dependent on
the advanced/retarded time coordinate and solve all the equations of motion. We obtain
ds2 = −fdu2 − 2dudr + r2dΩ23 ,
φ =
(a
r
)3/2
, f = g2r2 + 3− 3g
2a3
32r
, (39)
where a ≡ a(u) is a single function of the retarded time u and satisfies a second order
nonlinear differential equation
aa¨− 2a˙2 = 0 . (40)
Here a dot denotes the derivative with respect to the retarded time u. The equation can be
solved by
a =
1
c˜1u+ c˜2
, (41)
where c˜1 , c˜2 are two integration constants. For c˜1 = 0, we rediscover the static black hole
solution (34). For c˜1 6= 0, we obtain a new dynamical solution. For convenience, we set
c˜2 = 0 and require c˜1 > 0 to let the solution characterizing a dynamical white hole at u > 0
region. Then the solution describes a radiating white hole that eventually becomes the
static AdS space-time (35) with a naked singularity at late retarded times.
4.2 Planar black holes in general dimensions
Now we construct new classes of static hairy planar black holes that are asymptotical to
AdS space-times in general dimensions. The solutions can be classified into different classes
according to the form of the potential.
4.2.1 Case 1: with massless scalar
The first class solution we present is valid for a massless scalar. The potential is given by
V = −(n− 2)(n − 1)g2
(
1− (n− 4)(n − 3)αg2
)
− (n− 1)
3φ4
256αn(n − 4)(n − 3) , (42)
For generic GB coupling, we obtain
ds2 = −fdt2 + dr2/f + r2dxidxi ,
φ =
(q
r
)n−1
2
, f = g2r2 − (n− 1)q
n−1
16αn(n − 4)(n − 3)rn−3 , (43)
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where the non-minimal coupling constant η is given by (32) with µ = (n − 1)/2. The
scalar satisfies the BF bound because now m2BF = 0. The existence of the event horizon
requires the GB coupling α being positive. Interestingly, the metric function f takes a
Schwarzschild-like form and one may expect that the mass of the black holes is linearly
proportional to qn−1. Evaluating δH∞ yields
δH∞ =
(n− 2)(n − 1)2ωqn−2δq
256παn(n − 3)(n − 4)
(
1− 2(n − 3)(n − 4)αg2
)
, (44)
which implies that the black hole mass is given by
M =
(n− 2)(n − 1)ωqn−1
256παn(n − 3)(n − 4)
(
1− 2(n − 3)(n − 4)αg2
)
. (45)
This is consistent with our naive expectation. In fact, the mass (45) is simply the AMD
mass [39, 40] generalized in higher curvature gravity [41, 42]. The temperature and entropy
are given by
T =
(n− 1)g2r0
4π
, S =
1
4
ωrn−20
(
1− 2(n− 3)(n − 4)αg2
)
. (46)
It follows that the thermodynamical first law
dM = TdS , (47)
and the Smarr-like relation
M =
n− 2
n− 1TS , (48)
are satisfied. We shall point out that for AdS planar black holes, there exists an additional
scaling symmetry, which leads to above Smarr-like relation [35].
4.2.2 Case 2: with massive scalar
The second class solution we present is valid for a massive scalar. The potential is given by
V = −1
2
(n− 2)(n − 1)g2 + (n − 3)(n − 1)
2
32(n + 1)
g2φ2 . (49)
The mass square of the scalar is positive definite, given by m2 = (n−3)(n−1)
2
16(n+1) g
2. The
Breitenlohner-Freedman (BF) bound is always satisfied for the non-minimal coupling η =
(n−1)/(4(n+1)), where we find the black hole solutions because m2 = m2BF + 116 (n−1)2g2.
For the critical GB coupling α = αc, we obtain the exact black hole solutions with two
independent parameters
ds2 = −fdt2 + dr2/f + r2dxidxi ,
φ =
(q
r
)n−1
4
, f = g2r2 − µg
r
n−5
2
. (50)
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where q and µg are the two independent integration constants associated with the scalar and
the graviton mode respectively. This solution was first studied in [26] as “stealth solutions”.
The equations of motion are satisfied as Eµν = 0 = Tµν . For vanishing scalar, the solutions
are also valid for spherical/hyperbolic topologies. By plugging the solutions into the Wald
formula Eq.(20-21), we find
δH∞ =
(n− 2)ω
16πg2
µgδµg − (n− 1)ω
256π(n + 1)
(
(n− 3)ψδµg + (n− 1)µgδψ
)
, (51)
where ψ ≡ q n−12 . It is clear that δH∞ receives contributions from the scalar and becomes
non-integrable. Surprisingly, the general relation (29) becomes invalid for this solution. The
one form associated with the scalar is now determined by both the scalar and the graviton
mode. Consequently, the scalar forms a thermodynamic conjugate with the graviton mode
and contributes to first law of thermodynamics, although it contains only one normalizable
mode at asymptotic infinity. The “thermodynamic mass” can be defined by
Mther =
(n− 2)ω
32πg2
µ2g . (52)
The corresponding first law can be expressed as
dMther = TdS +
(n− 1)ω
256π(n + 1)
(
(n − 3)ψdµg + (n− 1)µgdψ
)
. (53)
The ψdµg term on the r.h.s of this equation can be absorbed by defining a shifted mass
M˜ =Mther − (n− 1)(n − 3)ω
256π(n + 1)
ψµg . (54)
The first law now looks more compact
dM˜ = TdS +
(n− 1)ω
128π(n + 1)
µgdψ . (55)
Thus the solutions provide analytical examples how the first law of thermodynamics can
be modified by a non-minimally coupled scalar in GB gravity. We have not found any
analogous solutions in Einstein gravity non-minimally coupled to a scalar [11].
The temperature and entropy are given by
T =
(n− 1)g2r0
8π
, S =
1
4
ωrn−20
(
1− (n− 1)
8(n + 1)
φ20
)
. (56)
where φ0 ≡ φ(r0). It is straightforward to verify that the thermodynamical first law (53) or
(55) is indeed satisfied. The “thermodynamic mass”, temperature and entropy also satisfy
a Smarr-like relation
Mther =
n− 2
n− 1TS +
(n− 1)(n − 2)ω
256π(n + 1)
ψµg . (57)
14
4.2.3 More solutions
Inspired by above discussions, we may consider more general scalar potentials of the form
V = 2Λ0 +
1
2
m2φ2 + γ4φ
4 , (58)
Indeed, we can construct more black hole solutions at the critical GB coupling α = αc
provided that
Λ0 = −1
4
(n− 2)(n − 1)g2 ,
m2 =
µ(n− 2µ − 2)(n − 2µ − 1)
2(2µ + 1)
g2 ,
γ4 = −µ
2(n − 4µ − 2)(n − 4µ− 1)
32(2µ + 1)2
g2 . (59)
where µ is a reparametrization of η in (32). The mass square of the scalar can be written as
m2 = m2BF +
1
4(n− 2µ− 1)2g2, implying that the BF bound is always satisfied. The black
hole solutions read
ds2 = −fdt2 + dr2/f + r2dxidxi ,
φ =
(q
r
)µ
, f = g2r2
(
1− µq
2µ
4(2µ + 1)r2µ
)
. (60)
The normalizability of the scalar at asymptotic infinity requires µ > 0 which also governs
the existence of the event horizon. For µ = (n− 1)/2 and µ = (n− 1)/4, the solutions have
been included as special cases in above two subsections. However, the global properties
of the solutions are significantly different. We find that both the black hole mass and the
entropy vanish for generic µ, namely
δH∞ = 0 , S = 0 , (61)
although the temperature is non-vanishing T = µr0g
2
2pi . Thus the thermodynamical first law
is trivially satisfied. Note that the black holes are extremal at a finite temperature T > 0,
as well as the five dimensional spherical black hole (34).
4.2.4 Dynamical solutions
For the potential (58-59), we can also obtain exact dynamical solutions when µ = (n−2)/2.
In Eddington-Finkelstein-like coordinates, the solutions read
ds2 = −fdu2 − 2dudr + r2dxidxi ,
φ =
(a
r
)n−2
, f = g2r2
(
1− (n− 2)a
n−2
8(n − 1)rn−2
)
(62)
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where a ≡ a(u) satisfies the second order non-linear differential equation (40). The new
dynamical solutions are then simply given by a = c0/u, where c0 is a positive integration
constant. The solutions describe a radiating white hole at u > 0 region and eventually
become an AdS vacua at late retarded times.
4.3 Charged hyperbolic black holes
By introducing a Maxwell field LA = −14F 2, we can obtain electrically charged black holes
with hyperbolic topology for the potential given by
V = − 1
2
(n− 2)(n − 1)g2 + (n− 5)(n − 4)(n − 3)
4(2n − 5) g
2φ2
− (3n− 11)(3n − 10)(n − 3)
2
32(2n − 5)2 g
2φ4 . (63)
The mass square of the scalar is given by m2 = (n−5)(n−4)(n−3)2(2n−5) g
2, which is always above the
BF bound for the non-minimal coupling η = n−32(2n−5) because of m
2 = m2BF +
1
4(n − 5)2g2.
For this non-minimal coupling and the critical GB coupling α = αc, we obtain the black
hole solutions
ds2 = −fdt2 + dr2/f + r2dΩ2n−2,−1 , φ =
(q
r
)n−3
,
A = − q
n−3
√
2n− 5rn−3dt , f = g
2r2 − 1− (n− 3)g
2q2n−6
4(2n − 5)r2n−8 . (64)
By applying Wald formula, we find that the black hole mass vanishes δH∞ = 0. However,
both the entropy and the temperature are non-vanishing
S = − ωr
n−4
0
2(n − 4)g2 , T =
g2r0
8π(2n − 5)
(
4(2n − 5) + (n− 3)(n − 4)φ20
)
. (65)
The conserved electric charge and the conjugate potential can be computed using standard
technique
Q ≡ 1
16π
∫
∗F =
(n− 3)ωqn−3
16π
√
2n − 5 , Φe ≡ At(∞)−At(r0) =
qn−3√
2n− 5rn−30
. (66)
It follows that the thermodynamical first law reads
0 = TdS +ΦedQ . (67)
The Smarr-like relation is given by
0 = TS +
(
1 + 4(2n−5)
(n−3)(n−4)φ20
)
ΦeQ . (68)
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5 Lifshitz black holes
It was first shown in [22, 23] that for the critical GB coupling where there exists an unique
AdS vacua, Lifshitz vacuum solutions are allowed in GB gravity, namely
ds2 = ℓ2
(
− r2zdt2 + dr
2
r2
+ r2dΩn−2,k
)
, α = αc =
1
2(n− 3)(n − 4)g2 . (69)
This motivates us to construct exact Lifshitz black hole solutions in our gravity model. We
find that there are large classes of neutral and charged Lifshitz black holes with scalar hair
for a either minimally or non-minimally coupled scalar with appropriate potentials.
5.1 With a minimally coupled scalar
Although we have not found any AdS black holes for a minimally coupled scalar, we obtain
many new classes of Lifshitz black holes in this case. In fact, the potential and the solutions
are much simpler than those constructed for a non-minimally coupled scalar.
5.1.1 Neutral black holes
Given the scalar potential
V = −1
2
(n− 1)(n − 2)g2 − 1
2
(n− 1)2g2φ2 − (n− 1)
3
8(n − 2)g
2φ4 , (70)
there exist exact black hole solutions for the Lifshitz exponent z = n
ds2 = −r2nf˜dt2 + dr
2
r2f˜
+ r2dxidxi ,
φ =
(q
r
)n−1
, f˜ = 1− (n− 1)q
2n−2
2(n − 2)r2n−2 , (71)
where the effective AdS radius has been set to unity. The mass square of the scalar is given
by m2 = −(n − 1)2g2 which exactly equals to the BF bound3 at z = n. The mass of the
black holes can be read off from the Wald formula
M =
(n− 1)ωq2n−2
32π
. (72)
The temperature and entropy are given by
T =
(n− 1)rn0
2π
, S =
1
4
ωrn−20 . (73)
3In asymptotically Lifshitz space-time, the Breitenlohner-Freedman (BF) bound for a non-minimally
coupled scalar is given by m2BF = −
1
4
(n+ z − 2)g2 + η g2
(
n
2 + (2z − 3)n+ 2(z − 1)2
)
.
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It follows that the thermodynamical first law
dM = TdS , (74)
and the Smarr-like relation
M =
n− 2
2(n− 1)TS , (75)
are satisfied. It is worth pointing out that for Lifshitz planar black holes, one can derive
the Smarr-like relation by studying the global scaling symmetry of the space-time [43].
5.1.2 Charged black holes
Introducing an additional Maxwell field, we obtain two different classes of charged Lifshitz
black hole solutions. The first class solution has the potential of
V = −1
2
(n− 1)(n − 2)g2 − 1
2
(n− 1)(n − 2)g2φ2 − 1
8
(n− 2)(n − 3)g2φ4 . (76)
The mass square of the scalar is given by m2 = −(n − 1)(n − 2)g2 which does not satisfy
the BF bound for generic z. Fortunately, for the Lifshitz exponent z = n− 1 where we find
the black hole solutions, the BF bound is always satisfied because of m2 = m2BF +
1
4g
2. The
black hole solutions read
ds2 = −r2n−2f˜dt2 + dr
2
r2f˜
+ r2dxidxi , φ =
(q
r
)n−2
,
A =
√
n− 2 qn−2rdt , f˜ = 1− q
2n−4
2r2n−4
, (77)
The Wald formula implies that the black hole mass vanishes δH∞ = 0. The electric charge
can be calculated using standard technique
Q =
√
n− 2ωqn−2
16π
, (78)
while the common definition of the conjugate potential breaks down since the gauge poten-
tial diverges at asymptotic infinity. This should be treated carefully. A refined definition
for the electric potential has been provided in [33, 34, 44, 45] using Wald formalism
Φe ≡ Aregt (∞)−At(r0) , Aregt (∞) = At(∞)−Adivt (∞) . (79)
For our solutions, we find
Φe = −
√
n− 2 qn−2r0 . (80)
The temperature and entropy are given by
T =
(n− 2)rn−10
2π
, S =
1
4
ωrn−20 . (81)
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It follows that the thermodynamical first law
0 = TdS +ΦedQ , (82)
and the Smarr-like relation
0 = TS +ΦeQ , (83)
straightforwardly hold. The first law of this type for charged Lifshitz black holes was first
studied in [34] using Wald formalism.
The second class solution has the potential of
V = −1
2
(n− 1)(n − 2)g2 − 3
2
(n− 2)2g2φ2 + (n− 2)
3
8(3n − 7)g
2φ4 . (84)
The scalar mass square is given by m2 = −3(n−2)2g2 and the BF bound is always satisfied
for the exponent z = 3(n − 2) where we find the black hole solutions owing to the relation
m2 = m2BF + (n− 2)2g2. The solutions read
ds2 = −r6n−12f˜dt2 + dr
2
r2f˜
+ r2dxidxi , φ =
(q
r
)n−2
,
A =
1√
2
qn−2r2n−4dt , f˜ = 1− (n− 2)q
2n−4
2(3n − 7)r2n−4 , (85)
We find that the black hole mass is proportional to the coefficient square of the fall-off mode
1/r2n−4, given by
M = −(n− 2)
2(2n − 5)ωq4n−8
128π(3n − 7)2 . (86)
Other thermodynamic quantities are given by
T =
(n− 2)r3n−60
2π
, S =
1
4
ωrn−20 ,
Φe = −q
n−2r2n−40√
2
, Q =
(n− 2)ωqn−2
8
√
2π
. (87)
It follows that the thermodynamical first law reads
dM = TdS +ΦedQ . (88)
The Smarr-like relation turns out to be underdetermined, given by
M = β1 TS + β2 ΦeQ , (n − 2)β1 − (3n − 7)β2 + 14(2n− 5) = 0 . (89)
This is not a surprise since the solutions are highly degenerated.
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5.2 With a non-minimally coupled scalar
5.2.1 Neutral black holes
For a non-minimally coupled scalar field, we obtain two different classes of solutions. The
first class solution generalizes the minimal solutions in sec 5.1.1. The potential is given by
V = −1
2
(n− 1)(n − 2)g2 − 1
2
(n− 1)
(
n− 1− (5n − 2)η
)
g2φ2
− n− 1
8(n − 2)
(
(η − 1)(5η − 1)n2 − 2(2η − 1)(3η − 1)n + (2η − 1)2
)
g2φ4 . (90)
The black hole solutions exist for z = n
ds2 = −r2nf˜dt2 + dr
2
r2f˜
+ r2dxidxi ,
φ =
(q
r
)n−1
, f˜ = 1−
(
n− 1− (5n − 2)η)q2n−2
2(n − 2)r2n−2 , (91)
The existence of the event horizon requires η < (n − 1)/(5n − 2). Hence, the scalar has a
negative mass square m2 = −(n− 1)
(
n− 1− (5n− 2)η
)
g2, which exactly equals to the BF
bound (for z = n). The black hole mass is given by
M =
(
n− 1− 2(3n − 2)η)ωq2n−2
32π
. (92)
The temperature and entropy are given by
T =
(n− 1)rn0
2π
, S =
1
4
ωrn−20
(
1− 12ηφ20
)
. (93)
It is straightforward to verify that the thermodynamical first law dM = TdS and the
Smarr-like relation (75) are satisfied.
The second class solution we present has a new potential
V = −1
2
(n− 1)(n − 2)g2 + µ
4(2µ + z)
(
n2 − (4µ + 3)n + 2(2µ2 − (z − 4)µ+ 1))g2φ2
− µ
2
32(2µ + z)2
(
n2 − (8µ + 3)n + 2(8µ2 − 2(z − 4)µ+ 1))g2φ4 . (94)
The scalar always satisfies the BF bound because of m2 = m2BF +
1
4(n + z − 2µ − 2)2g2.
The black hole solutions exist for generic exponent z, given by
ds2 = −r2zf˜dt2 + dr
2
r2f˜
+ r2dxidxi ,
φ =
(q
r
)µ
, f˜ = 1− η q
2µ
2r2µ
, (95)
20
where the non-minimal coupling constant is determined by
η =
µ
2(2µ + z)
. (96)
The existence of the event horizon requires η > 0 and hence z > −2µ. It turns out that the
black holes have both vanishing mass and entropy. Thus the thermodynamical first law is
trivially satisfied.
5.2.2 Dynamical solutions
When µ = (n − 2)/2, the potential (94) becomes simplified
V = −1
2
(n− 1)(n − 2)g2 − (n − 2)
2(z − 1)
8(n + z − 2) g
2φ2 − (n− 2)
3(n− 2z − 1)
128(n + z − 2)2 g
2φ4 . (97)
We obtain exact dynamical Lifshitz solutions in Eddington-Finkelstein-like coordinates.
The solutions read
ds2 = −r2zf˜ du2 − 2rz−1drdu+ r2dxidxi ,
φ =
(a
r
)n−2
2
, f˜ = 1− (n− 2)a
n−2
8(n+ z − 2)rn−2 . (98)
The time dependent “scalar charge” a satisfies a second order non-linear differential equation
aa¨− (z + 1)a˙2 = 0 , (99)
which can be immediately solved by
a = q , or a =
c0
u1/z
, (100)
where c0 is a positive integration constant. The new dynamical solutions describe radiating
white holes which approach the Lifshitz vacuum at late retarded times.
5.2.3 Charged black holes
Introducing a Maxwell field, we find that the charged Lifshitz black holes in sec 5.1.2 for
a minimally coupled scalar can be properly generalized for a non-minimal coupled scalar.
The first class solution we present has the potential of
V = −1
2
(n− 1)(n − 2)g2 − 1
2
(n− 1)(n− 1− (5n − 8)η)g2φ2
− 1
8(n− 2)
(
(η − 1)(5η − 1)n3 − (η − 1)(33η − 7)n2
+4(15η2 − 21η + 4)n− 4(2η − 3)(4η − 1)
)
g2φ4 . (101)
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The black hole solutions read
ds2 = −r2n−2f˜ dt2 + dr
2
r2f˜
+ r2dxidxi , φ =
(q
r
)n−2
,
A =
√
n− 2− 2(3n − 5)η qn−2rdt , f˜ = 1−
(
n− 2− (5n − 8)η)q2n−4
2(n − 2)r2n−4 , (102)
Note that the BF bound for z = n − 1 is always satisfied because of m2 = m2BF + 14g2.
Stability of the solutions requires η < (n − 2)/(2(3n − 5)), which also governs the exis-
tence of the event horizon. We find that the black hole mass vanishes δH∞ = 0. Other
thermodynamical quantities are given by
T =
(n− 2)rn−10
2π
, S =
1
4
ωrn−20
(
1− (n− 2)η
n− 2− (5n − 8)η
)
,
Φe = −
√
n− 2− 2(3n − 5)η qn−2r0 , Q =
√
n− 2− 2(3n − 5)η ωqn−2
16π
. (103)
It is straightforward to verify that the thermodynamical first law (82) and the Smarr-like
relation (83) are satisfied.
The second class solution we present has the potential of
V = −1
2
(n− 1)(n − 2)g2 − 1
2
(n− 2)
(
3(n − 2)− (25n − 49)η
)
g2φ2
+
(n− 2)
8(3n− 7)
(
n− 2− (7n− 13)η
)2
g2φ4 . (104)
The black hole solutions read
ds2 = −r6n−12f˜ dt2 + dr
2
r2f˜
+ r2dxidxi , φ =
(q
r
)n−2
,
A =
√
1
2 − 5η qn−2r2n−4dt , f˜ = 1−
(
n− 2− (7n− 13)η)q2n−4
2(3n − 7)r2n−4 , (105)
The BF bound for the exponent z = 3(n − 2) is always satisfied because of m2 = m2BF +
(n− 2)2g2. Stability of the solutions requires η < 1/10, which also governs the existence of
the event horizon. The black hole mass turns out to be non-vanishing, given by
M =
(n− 2)(2n − 5)(10η − 1)
(
n− 2− (7n − 13)η
)
ωq4n−8
128π(3n − 7)2 . (106)
Some other quantities are given by
T =
(n− 2)r3n−60
2π
, S =
1
4
ωrn−20
(
1− (3n − 7)η
n− 2− (7n− 13)η
)
,
Φe = −
√
1
2 − 5η qn−2r2n−40 , Q =
(n − 2)√1− 10η ωqn−2
8
√
2π
. (107)
It follows that the thermodynamical first law (88) and the Smarr-like relation (89) are
satisfied.
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6 Conclusion
In this paper, we study Gauss-Bonnet gravity in general dimensions non-minimally coupled
to a scalar field. In order to construct exact black hole solutions as many as possible, we
also introduce a minimally coupled Maxwell field. With an appropriate scalar potential of
the type V = 2Λ0+
1
2m
2φ2+γ4φ
4, we construct large classes of AdS and Lifshitz black hole
solutions with scalar hair.
First, we obtain a spherical black hole in five dimension, which is asymptotic to locally
AdS space-times. We then obtain three classes of AdS planar black holes and one class
of AdS hyperbolic black holes with electric charges in general dimensions. We study the
global properties of the solutions and derive the thermodynamical first laws using Wald
formalism. For most of our solutions except for one class of the planar black holes, there is
only one independent integration constant q associated with the scalar and all the thermo-
dynamical quantities are determined by functions of q. It turns out that the spherical black
hole as well as one class of planar black holes has both vanishing mass and entropy and
the first law is trivially satisfied. The charged hyperbolic black holes have vanishing mass
and but non-vanishing entropy and the first law 0 = TdS+ΦedQ is satisfied. In particular,
one class of the planar black hole solutions contains two independent integration constants,
which are associated with the scalar hair and the graviton mode respectively. Although the
scalar has only one normalizable mode at asymptotic infinity, it forms a thermodynamical
conjugate with the graviton mode and non-trivially contributes to the first law of thermo-
dynamics. The solutions provide analytical examples how the thermodynamical first laws
can be modified by a non-minimally coupled scalar in GB gravity.
We observe that except for one class of the solutions, all the AdS solutions constructed
above are valid at the critical point of GB gravity where there exists an unique AdS vacua.
In fact, more general Lifshitz vacua is also allowed at this point. We then try to construct
exact Lifshitz black hole solutions with scalar hair in our gravity model. We obtain many
new classes of neutral and electrically charged Lifshitz black holes for a either minimally or
non-minimally coupled scalar and derive the thermodynamical first laws.
Finally, for some classes of the solutions such as the spherical black hole, one class of
AdS planar black holes and one class of Lifshitz black holes, we promote the “scalar charge”
to be dependent on the retarded time and obtain exact dynamical solutions. The solutions
describe radiating white holes and eventually become the AdS or Lifshitz vacua at late
retarded times. However, the spherical black hole approaches a static AdS space-time with
a globally naked singularity.
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7 Appendix: An Explicit Example for Large-r Expansion
We assume the scalar potential has a stationary point at φ = 0 and can be expanded around
it as
V = 2Λ0 +
1
2
m2φ2 + γ3φ
3 + γ4φ
4 + · · · , (108)
where Λ0 is the bare cosmological constant and m is the mass of the scalar. At asymptoti-
cally AdS space-time, the scalar field has two independent fall-offs
φ =
ψ1
r
n−1−σ
2
+
ψ2
r
n−1+σ
2
+ · · · , (109)
where σ is defined by
σ =
√
(n− 1)
(
(1− 4η)n − 1
)
+ 4m2ℓ2 . (110)
The full large-r expansion of the general static solutions strongly depend on the value of
the scalar mass and the coupling constants for our gravity model. For simplicity, we focus
on 0 < σ < 1 case, corresponding to the scalar mass
m2BF < m
2 < m2BF + 1 . (111)
It is clear that the leading fall-off of the scalar is given by (109) but there could be slower fall-
offs than those displayed for general scalar mass parameter. For generic coupling constants,
the asymptotical behavior of the metric functions are of the forms
h = g2r2 + k − µg
rn−3
+ · · · , f = g2r2 + k + a
rn−3−σ
− µ˜g
rn−3
+ · · · , (112)
where µg is associated with the graviton mode and
a =
(n− 1)
(
(1− 4η)(n − σ)− 1
)
g2ψ21
4(n− 1)(n − 2)
(
1− 2αg2(n− 3)(n − 4)
) ,
µ˜g = µg −
(
(n − 1)2 − 4ηn(n− 1)− σ2
)
g2ψ1ψ2
2(n − 1)(n − 2)
(
1− 2αg2(n − 3)(n − 4)
) . (113)
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Substitute the large-r expansion into the Wald formula, we obtain
δH∞ =
(n− 2)ω
16π
(
1− 2αg2(n− 3)(n − 4)
)
δµg +
σωg2
32π(n − 1)
(
(n+ σ − 1)ψ2δψ1 − (n− σ − 1)ψ1δψ2
)
. (114)
Thus the thermodynamical first law can be expressed as
dMther = TdS − σωg
2
32π(n − 1)
(
(n+ σ − 1)ψ2δψ1 − (n− σ − 1)ψ1δψ2
)
, (115)
where the “thermodynamic mass” is defined by
Mther =
(n− 2)ω
16π
(
1− 2αg2(n − 3)(n − 4)
)
µg , (116)
which is consistent with the generalized AMD mass in higher curvature gravity [41, 42].
Note that the one form associated with the scalar vanishes in (114) if the scalar has only
one normalizable mode at asymptotic infinity or the two independent fall-offs of the scalar
satisfy an identity ψ∆12 ∝ ψ∆21 , where ∆1 = (n−1−σ)/2 ,∆2 = (n−1+σ)/2 are the scaling
dimensions associated with ψ1 and ψ2 respectively. This is also true for generic parameters.
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